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Abstract

A high intensity laser obliquely incident on an underdense plasma with density ripple produces resonant second and
third-harmonic radiation in the reflected component. The highest efficiency of harmonic generation occurs when the
pump laser is incident at critical angle and the angle between ripple wave vector q and the surface normal has a specific
value ¢ = ¢,,, at which phase-matching condition is satisfied. As the electron density varies from low densities to critical
density, value of ¢,, varies from 90° to 45° for second-harmonic and from 110° to 60° for third-harmonic. The efficiency
of phase-matched harmonic generation is an order of magnitude higher than the efficiency without phase-matching. The
intensity of second and third-harmonic is proportional to square and cube of laser intensity respectively, when ay < 1
and proportional to laser intensity when ao > 1, where ay is the normalized electric field parameter of the pump wave.
© 2003 Elsevier B.V. All rights reserved.

1. Introduction

The interaction of intense short pulse lasers with plasmas leading to harmonic generation has been an
active area of research in recent years (for review, see [1]). With the development of the chirped-pulse-
amplification technique, table-top high-peak power lasers have been successfully developed. By focusing
these laser pulses, the laser intensity can exceed 10" W/Cm?. At such intensities, motion of electrons be-
comes relativistic. Theory for coherent emission in the direction of propagation of laser beam, referred to as
relativistic harmonic generation, has been derived [2,3]. It indicates that because of the mismatch between
the phase velocities of the laser pulse and the generated harmonics and because of the collective response of
the plasma, the conversion efficiency should be low unless a means for phase-matching [4] is implemented.
Matsumoto and Tanaka [5] have presented analysis of quasi phase-matched second-harmonic generation in
the reflection by backward propagating interaction and showed that bistability appears in the generated
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second-harmonic power if the amount of phase mismatch is suitably chosen. Experimentally, Liu et al. [6]
tried to measure the third-harmonic light produced from relativistic harmonic generation but ultimately
could give only an upper limit on the conversion efficiency. Meyer and Zhu [7] claimed to have observed the
second relativistic harmonic generated under the condition of beam filamentation. However, such second-
harmonic light has been later identified by several groups [8,9] to be associated with the transverse-density
depression derived by laser self-channeling or filamentation, as is evident from its broad angular width
caused by the plasma density gradient [7]. Shibu and Tripathi [10] have studied phase-matched third-
harmonic generation of a laser beam propagating through a plasma channel and showed that the presence
of a background density perturbation can account for phase-matching. Parashar and Pandey [11] have
proposed a scheme of efficiency enhancement of second-harmonic by introducing a density ripple into the
interaction region. Ripple provides the additional momentum required by the second-harmonic for phase-
matching. Rax et al. [12] have analyzed relativistic second-harmonic generation with ultrahigh intensity
laser pulses in a weakly magnetized plasma. They addressed important issues of phase-matching, pump
depletion, and relativistic tapering considering both permanent magnet and laser driven wigglers. They
found that wiggler magnetic field plays both a dynamical role in producing the traverse harmonic current
and a kinematical one in ensuring phase-matching. Yang et al. [13] have observed strong third-harmonic
emission with a conversion efficiency higher than 0.1% from a plasma channel formed by self-guided
femtosecond laser pulses propagating in air. They found an optimized condition under which the third-
harmonic conversion efficiency is maximized. Their experimental results show that radiation of the emission
in ultraviolet wavelength range makes a major attribution to third-harmonic emission, whereas the effects
of self-phase modulation are not important when intense laser pulses interact with gaseous media. Recently,
Chen et al. [15] have experimentally observed phase-matched relativistic third-harmonic generation, an-
gular pattern of which being a forward directed cone and the signal level being on the same order of
magnitude for circularly polarized pump pulse as for a linearly polarized pump pulse.

To meet the challenge of high-power, short wavelength coherent radiation generation, it is quite in-
teresting to identify an efficient frequency conversion scheme. In this paper we study second and third-
harmonic generation by an obliquely incident laser on a vacuum—plasma interface. The plasma density is
taken underdense (n) < n.) with a density ripple n, = n)e*i4tin9r<0¢); where n, n., and n{ are the plasma
density, critical density and ripple density, respectively, and ¢ is the angle between ripple vector q and z-
axis. The laser of frequency w induces an oscillatory velocity v; on electrons at (w,k) and exerts a v; x B,
ponderomotive force on electrons at (2w, 2k). The ponderomotive force and self-consistent field E; induce
oscillatory velocities v, and v§ on electrons at (2w, 2k) and (2w, 2k + q) which couple with n, and ), re-
spectively, to produce a second-harmonic current and density oscillations n; at (2w, 2k + q). The density
oscillations n; couple with v, to produce a third-harmonic nonlinear current at (3w, 3k + q). The currents
at second and third-harmonic create space charge oscillations on the plasma surface and give rise to
electromagnetic second and third-harmonic radiation in the reflected component. The model is valid for
underdense plasma, angle of incidence varying from 0° to the critical angle. Beyond critical angle propa-
gation vector becomes imaginary and the laser propagation becomes evanescent.

2. Harmonic current density

Consider a vacuum-plasma interface at z = 0,z < 0 being vacuum and z > 0 a plasma with a density
ripple n, = ng exp[+ig(sin ¢x + cos ¢z)]. A laser polarized in the plane of incidence is incident on the in-
terface at an angle of incidence 6 (cf. Fig. 1).

E;; = (xcos 0 — zsin 0)E o cos(wt — kyx — ko,2), (1)

where k, = (w/c)sin 6 and &y, = (w/c) cos 6.
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Fig. 1. Schematic of harmonic generation process.

Inside the plasma the electric and magnetic fields of the transmitted laser can be written as
E, = ((& — sin® 0)"’% — sin 02)E, cos(wt — kex — k.z), )
B, = ck x E; /w. 3)
ay = eEy/mywe, ay = eE\g/mywce, transmission coefficient ¢, = 260"/ (e; + k./koz), k. = (0?/Pe) — qu)l/z,
&1 =1 — @ /o?, relativistic plasma frequency w} = d4mnnge’/ymy, where e, m; and y are electronic charge,

rest mass and average value of relativistic factor, respectively.
The equations governing electron momentum and energy are

dp,

dt::—eEﬂ(m——QHZQVH<—8ﬂ§ﬂﬂcodan——hx——@zy (4)
dp, .
- eE,(sin 8 — &v,/c) cos(wt — kyx — k.z), (5)
dy, ek
AU e (kvy — kev.) cos(wt — kyx — k.z). (6)
Using Egs. (4)—(6) we obtain
d | xP, +zP, k C 2 N/2s e ey s _
@ { Te e + a((& — sin” 0) /“% — sin 02) sin(wt — kx — k.z) p =0,
xP, + ZP, k
Mtk ¢y, — 4 a((e; — sin 0)'/*% — sin 02) sin(wr — kex — k.z) = C,
myc w

where C; is a constant. If the electron is at the rest at origin in the beginning, then
C] = —kC/CI),

3P, + 2P, _

k . . C A
e c(r =)~ +a((e - sin® 0)'/2% — sin 02) sin(wr — kox — k.z). (7)
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When the electrons are accelerated, a space charge is created which neutralizes the term ¢(y, — 1)k/o,

therefore from Eq. (7), we obtain

P+ P

Z

. 2
= 81af sin” (ot — kx — k.z).
mjc

Using Eq. (8) with y? = 1 + (P> + P?)/m}c?, we obtain

={1+a sin” (ot — kex — kzZ)Sl}l/z'

Time averaged value of relativistic factor
y={1+dde /2}">
The electron velocity at (w, k),

€E1
ympic

The oscillating current at (o, k),

0,2
nge’Ey

ymoiw

J] = 7}18€V1 = —
Using Maxwell’s equations, we write

VxB=—J + =——1
C

47 1 OE, 1w w
c ot ¢

it gives electromagnetic wave dispersion relation

X 2
, o ®
eoe(i-)

v; beats with B; to produce the ponderomotive force F, at (2w, 2k),

ikcee

F, = a1 E, exp[—i(Zwt — 2kx — 2kZZ)]

29w

The electron velocity due to F, and the self-consistent field E, at (2w, 2k) is

. eEz — F2

V), = - .
2ympiow

The electron velocity due to the self-consistent field E; at (2w, 2k+q) is

+
eE;

n
\J — .
2ymplw

__r
2

(8)

(10)

(11)

(14)

Using Egs. (12) and (13) in the equations of continuity 0n,/0t+ V- (nJv,) =0 and 0nj /0t+
V - (n,v2 + njvy) = 0, respectively, we get the oscillatory electron densities n, and n3 at the second-harmonic

7n8(eV . E2 -V- Fz)
4ymyw?

ny; = )

(15)
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V- [neE; + ny(eE, — F,)]

= _ ) 16
" 4ymyw? (16)
Using n, and nj in Poisson’s equations V - E, = —4nen, and V - EJ = —4men;, respectively, we obtain
v.E = K%, p (200t — 2kox — 2k 17
: - - ¢ — xA z )
2= Toin, 1 exp[—i(2wt — 2kex — 2k.z)] (17)
clk - (2k + q)]e;?n’ .
V.Ef = Synan] P4 q\E, exp[—i(2wt — (2k + q) - 1)], (18)

where & =1 — w;/4w2 is the effective plasma permittivity at 2w. Total current density at the second-
harmonic is given by —njevy — n eva,

2|+ 2,0
w,E, ckeywin

J=--Z 24 E —i1(2wt — (2k -1)]. 19
S = et e @E XL C0r — Ok @) ) (19)
The nonlinear current density at the third-harmonic is J?L = —%njevl,
ik - (2k + q)c*e 2n’
I = (&1 — sin® 0)'% — sin 02) (64‘;1, 7 2B, expl-i(3ot - (3k +q) - ). (20)
The self-consistent current density at 3w is
2
L_ @, Es
I = 4n3io (21)
Total third-harmonic current density is
Jy = I+ N (22)

3. Second-harmonic power density

The wave equation governing the generation of second-harmonic is given by

42 iK(40?/c® — |2k + q|*)ce;?n®
VZE;+C—CL2)82E+:_ (4o?/c® — | q|")cermyn,

Seornl aiEy exp[—i(2wt — (2k +q) - 1)]. (23)

We solve Eq. (23) separately in plasma and vacuum
Es, = | 42" — 00, E) expli(2k. + g cos ¢)z] | exp[—i(2wt — (2k, + gsin )x)] for z > 0,
= Ay, exp[—i(2wt — (2k, + g sin ¢)x + kp,z)] for z < 0, (24)
where

5 4¢? . 2 2 w’ : 2
k2z:c—282_(2k)‘+qsm¢) , k2r=4?—(2kx+qsm¢) and

isinfe;w7n) (4’ /c® — |2k + q’)
= :
? 8ye20?nd((4w? /ey — 2k + q)

Using Egs. (18) and (24), we can write
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E,=|— W@eﬂw - l]i—idza1E1 expli(2k, + gcos ¢)z] | exp[—i(2wt — (2k, + gsin¢p)x)] forz >0,
= Ahw exp|—i(2wt — (2k, + gsin )x + k»,z)] forz <0, (25)
By, = i [Azgeikﬂ + [(2k, + gsin ¢)k. [k, — (2k. + g cos ¢)|ana  E) expli(2k. + g cos ¢)z]
x exp[—i1(2wt — (2k, + gsin ¢)x)] for z > 0,
=— % 40;:2{(:2A2, exp[—i(2wt — (2k, + gsin ¢p)x + k,z) for z < 0. (26)

Applying the continuity of E,, and B,, at z=0, we obtain

kZV{kg + kZZ((kz/kr)q Sin ¢ - qCOS ¢)}
kzrk% + 4602/6‘2](22 '

The ratio of the reflected second-harmonic power density P, = c|4,,|>/87 to that of the fundamental power
density Py = cE?,/8m can be written as

P, ( (aof2oako, {2 + kooq((k. /) sin  — cos )} ) ’

Azr = OtzalEl ( (27)

2 28
Py kae k3 + 40?2 | ey, (28)

Using k; = 2q + q, we get the value of ¢ required for phase-matching
q = |—2kcos(¢p — 0) + V4k> cos’ (¢ — 0) + 3y /c?].

4. Third-harmonic power density

The wave equation governing the generation of third-harmonic is given by

9w? w’ . 4n
v21£3+7 <1 9—6;’2>E3 = 731606—2!]]3\1]“. (29)

Employing J?L from Eq. (20), we solve Eq. (29) separately in plasma and vacuum

Es = (43¢ — 03a1E; exp[i(3k. + g cos §)z]) exp[—i(3wt — (3k, + gsin ¢)x)] for z > 0,
= Ay, exp[—i(3wt — 3k, + gsin ¢)x + k3,z)] forz <0, (30)

9602 a)z 90)2
), . 2 2 _ i 2
L= (1 _?pz> "k tasing)y B =5 Gkt gsing)
and
3k - (2k + q)ewon,)
= 902 w? 2]
1682y2a)2n8{;—§ (l - 9(52) — |3k + q ]

o3

Using Eq. (30) in V.E; = 0, we can write
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3k, +gsin¢g 3k, +gsing .
Ey, = ———— 43" + ———— —oza7E, expli(3k, + gcos @)z
3 < s, 3 3k + g cos ¢ sa;Ey expli( q ¢)z]
x exp[—i(3wt — (3k, + gsin$p)x)] for z >0,
3k, sin . .
= %ﬁb/&, exp[—i(3wt — (3k, + gsin ¢)x + k3,z)] for z < 0. (31)
3r
Applying the continuity of F3, and E3, at z = 0, we obtain
ks, 0300 E ks, — 3k, — g cos
A, = 303a7 L 3 q ¢ ) (32)
3K, +gcos ¢ ks, + ki,
120
100
third-harmonic
80
s | D 1
- [
second-harmonic
40+
O!O 0?2 0f4 0!6 018 1 :0
ol
Fig. 2. Optimum value of angle ¢,, as a function of normalized electron density (uf, Jw? at ag = 3.0
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Fig. 3. (a) Efficiency of second-harmonic generation and (b) efficiency of third-harmonic generation as a function of normalized
electron density o’ /w® at ap = 3.0.
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The ratio of the reflected third-harmonic power density, P; = c\A3r|2 /8¢ to that of the fundamental power
density Py = cE?},/8¢ can be written as

2
Py|| astyusks ks — 3k —gcos¢ (33)
PO 3kz + q Cos ¢ k3z + k3r ’

Using k; = 3k + q, we get the value of ¢ required for phase-matching

g =|-3kcos(p — 0) + \/9k2 cos? (¢ — 0) + 8wz /2.

From Egs. (24), (25), (30) and (31) we can observe second and third-harmonic radiations are p-po-
larized. Efficiency of second and third-harmonic generation peaks at critical angle of incidence. Results
of Figs. 2-5 have been obtained at critical angle of incidence. Efficiency also depends on the angle ¢
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Fig. 4. (a) Resonant efficiency of second-harmonic generation at w?/w?* = 0.1 and »?/w? = 0.3 and (b) resonant efficiency of third-
harmonic generation at @?/w” = 0.01 and @’ /w® = 0.25 as a function of normalized electric field parameter a.
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and becomes maximum at an optimum value of the angle ¢ = ¢,,. Fig. 2 shows variation of the angle
¢,, as a function of normalized electron density at ag = 3.0. As /@ varies from 0.01 to 1, ¢,, varies
from 90° to 45° for second-harmonic and from 110° to 60° for third-harmonic. Results of Figs. 3-5
have been obtained at optimum value of the angle ¢ and "2 /n) =0.1. We call the efficiency at ¢ = ¢,
as resonant efficiency, P,./Py and Ps./P) to distinguish these from the efficiency without any density
ripple, P,/Py and P;/P,, respectively. In Fig. 3(a) and (b) we have plotted efficiency of second and third-
harmonic generation as a function of @’/w* at ay = 3.0. It can be observed that in the absence of any
density ripple, maximum efficiency of second-harmonic generation is nearly 0.6% at a)l% Jw? = 0.7 and
that of third-harmonic generation is nearly 0.75% at a)[z,/w2 =~ (.01.

When the plasma has an optimum density ripple, maximum efficiency of second and third harmonic
generation is obtained at colz,/u)2 >~ (.3 and cof,/w2 = (.01, respectively. Efficiency of phase-matched
second and third-harmonic generation is nearly 10 and 16 times higher than the efficiency of corre-
sponding harmonics without phase-matching. Fig. 4(a) and (b) show resonant intensity of second and
third-harmonic generation as a function of normalized electric field parameter a, at different densities.
Resonant efficiency of second and third-harmonic generation increases sharply in the non-relativistic
regime, however, at higher intensities it saturates. Fig. 5(a) and (b) show variation of resonant in-
tensity of second and third-harmonic (a.u.) as a function of laser intensity at wj/w220.3 and
cof)/a)2 =~ (.01, respectively. Intensity of second and third-harmonic is proportional to laser intensity
with a power of slightly less than 2 and 3, respectively, at low intensities and tends proportional to
laser intensity at high intensities.

5. Discussion

A p-polarized high power laser obliquely incident on underdense plasma undergoes second and third-
harmonic generation. Polarization of the second and third-harmonic radiation is given by J, and Js, re-
spectively; therefore harmonic radiation is p-polarized for both the harmonics. Intensity of the second and
third-harmonic is proportional to \J2+|2 and |J3+|2, respectively, therefore efficiency of both the harmonics
tends to zero as electron density approaches critical density and increases with the increase in normalized
electron density for second-harmonic (Fig. 3) at low electron densities |J;|* and |J7|* are proportional to
al/y* and af /y*, respectively, where y = (1 +a2/2)"". In the non-relativistic regime term a2 is not significant
and the intensity of second and third-harmonic is proportional to laser intensity with a power of slightly less
than 2 and 3, respectively, however, in relativistic regime a} becomes significant and intensity tends to
proportional to laser intensity in the strong relativistic regime for both the harmonics. The intensity of the
second and third-harmonic is proportional to laser intensity with a power of 1.8 and 2.96 for laser intensity
varying from 2.5 x 107 to 1.3 x 10'® W/cm? and from 10 to 2 x 10'7 W/cm? respectively. Takahashi and
coworkers [14] and Chen et al. [15] have experimentally studied second and third-harmonic generation,
respectively, and observed same scales of intensity dependence for the ranges stated above but under dif-
ferent geometries and conditions than that of ours.

The presence of density ripple provides extra momentum #g to the harmonic photon. Process of har-
monic generation becomes resonant when electron density ripple of suitable wavelength is present in the
plasma. One may launch a sound wave in the plasma with a ripple wave number ¢ comparable to & to
produce density ripple. The sound wave can be generated internally via Brillouin scattering of EM waves.
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